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Let H be an inﬁnite-dimensional complex Hilbert space, B(H) be the algebra of all
bounded linear operators on H . We study surjective linear maps on B(H) preserving
generalized invertibility. We also investigate surjective linear maps preserving Fredholm
(respectively, semi-Fredholm) operators. Our results improve those of Mbekhta, Rodman
and Šemrl.
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1. Introduction
Let A and B be unital Banach algebras. A linear map φ : A→ B is called unital if φ(1) = 1, where 1 is the unit for
both A and B and is called a Jordan homomorphism if φ(x2) = φ(x)2, x ∈A. Homomorphisms and anti-homomorphisms
are special examples of Jordan homomorphisms. Let a ∈A. If there exists b ∈A such that aba = a and bab = b then b is
called a generalized inverse of a. Clearly, if there exists b ∈A such that aba = a, then bab is a generalized inverse of a. We
say that φ preserves generalized invertibility if φ(a) has a generalized inverse in B whenever a has a generalized inverse
in A, and it preserves generalized invertibility in both directions if for every a ∈A, a has a generalized inverse in A if and
only if φ(a) has a generalized inverse in B. Let H be an inﬁnite-dimensional complex Hilbert space and B(H) the algebra
of all bounded linear operators on H . Let F(H), K(H) ⊂ B(H) be the ideal of all ﬁnite rank operators, and the ideal of all
compact operators, respectively. As usual, denote by C(H) = B(H)/K(H) the Calkin algebra. In [21], the authors initiated
the study of linear maps preserving generalized invertibility. More precisely, they proved that if H is a separable inﬁnite-
dimensional complex Hilbert space and φ : B(H) → B(H) is a bijective continuous unital linear map preserving generalized
invertibility in both directions then K(H) is invariant under φ and the induced linear operator acting on C(H) is a Jordan
automorphism. Their assumptions were then relaxed in [15] and a considerable improvement was achieved in [22]. On the
other hand, Mbekhta [20] characterized surjective linear maps preserving Fredholm operators in both directions and in [22],
a characterization of surjective linear maps preserving semi-Fredholm operators in both directions was obtained.
Let H be an inﬁnite-dimensional Hilbert space and let T ∈ B(H). It is known that T has a generalized inverse if and only
if the range of T is a closed subspace of H . Investigating the problem of linear maps preserving generalized invertibility is,
in our opinion, a key step towards a deeper understanding of linear maps preserving closeness of operator ranges. The aim
of this note is to improve the results of [15,21,22] by replacing the assumption of preserving generalized invertibility in both
directions by the weaker assumption of preserving generalized invertibility in one direction only. Then our proofs are used
to characterize linear maps preserving Fredholm operators (respectively, semi-Fredholm operators). It is interesting to note
that our study is closely connected with questions concerning linear preserver problems and Kaplansky’s conjecture [17].
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our proofs will rely on some techniques of [22] and on the following result:
Theorem 1.1. (See [19, Theorem 3.6].) Every spectrally bounded unital operator from a properly inﬁnite von Neumann algebra onto a
semisimple Banach algebra is a Jordan homomorphism.
This theorem provides a generalization of a result of Šemrl [24], which states that every unital surjective spectrally
bounded operator on B(H), where H is an inﬁnite-dimensional Hilbert space, must be a Jordan homomorphism.
The paper is organized as follows. Section 2 contains our main results. In particular, motivated by results of [11] and [23],
we discuss some questions of [22] and [20]. In Section 3, we will brieﬂy discuss the situation of general Banach spaces and
we give an example showing that the situation is a bit different. Namely, there exist a separable Banach space X and
a bijective unital linear map φ on the Banach algebra of bounded linear operators on X preserving generalized invertibility
in both directions, but the ideal of all compact operators on X is not invariant under φ. Finally, building on this example
and other remarks, we slightly modify Question 5.1 of [22].
2. Main results
We begin with the notation and deﬁnitions that we shall use throughout. Let A and B be unital Banach algebras. The
spectrum and the spectral radius of a ∈A are denoted by σ(a) and r(a), respectively. A linear mapping φ :A→ B is said to
be spectrally bounded if there is a constant M > 0 such that r(φ(x)) Mr(x) for all x ∈A. Let H be an inﬁnite-dimensional
Hilbert space. Denote by π the quotient map of B(H) onto C(H). Let T ∈ B(H). Recall that the operator T is called Fredholm
if π(T ) is invertible in C(H), and is called semi-Fredholm if π(T ) has a left inverse or a right inverse in C(H). As usual,
denote by R(T ) = T H and N(T ) = {x ∈ H, T x = 0} the range and kernel of T , respectively; whilst α(T ) := dimN(T ) denotes
the nullity of T , and β(T ) := codim R(T ) will denote the deﬁciency of T .
Let us start with a simple observation.
Remark 2.1. Let H be an inﬁnite-dimensional Hilbert space and let T be an element of K(H). If T has a generalized inverse,
then T has closed range and it follows from [1, Theorem 7.35] that T has ﬁnite rank. Therefore, for every linear map
φ : K(H) → K(H) preserving generalized invertibility, we have φ(F(H)) ⊂ F(H). By choosing appropriate Hamel bases it
is easy to construct an example of a bijective linear map φ : K(H) → K(H) preserving generalized invertibility such that
φ(F(H)) =F(H).
The following lemma is an immediate consequence of [22, Lemma 2.2].
Lemma 2.2. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) be a surjective linear map preserving
generalized invertibility. Then φ preserves semi-Fredholm operators.
We will also need the following simple lemma.
Lemma 2.3. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a surjective linear map sending Fredholm
operators to semi-Fredholm operators. Suppose there exists an invertible element a ∈ C(H) such that aπ ◦φ is a Jordan homomorphism.
Then φ(K(H)) ⊂K(H).
Proof. Since aπ ◦ φ is a surjective Jordan homomorphism, we see that aπ ◦ φ(I) = I . Let E ∈ B(H) be a ﬁnite rank idempo-
tent operator. Then aπ ◦φ(E)−(aπ ◦φ(E))2 = 0. Consequently, (π ◦φ(E))(I−aπ ◦φ(E)) = (I−aπ ◦φ(E))(aπ ◦φ(E)) = 0. But
φ(I)− φ(E) is semi-Fredholm, thus I − aπ ◦ φ(E) = aπ ◦ φ(I − φ(E)) is either left invertible or right invertible. This implies
that π ◦φ(E) = 0, that is φ(E) ∈K(H). Since F(H) is the linear span of ﬁnite rank idempotents, we have φ(F(H)) ⊂K(H).
Using the continuity of aπ ◦ φ [3], we infer that φ(K(H)) ⊂K(H). 
In the case of separable Hilbert spaces, the above result can be reﬁned as follows.
Lemma 2.4. Let H be a separable inﬁnite-dimensional complex Hilbert space and φ : B(H) → C(H) be a surjective Jordan homomor-
phism. Then φ(K(H)) = 0.
Proof. Since the algebra C(H) is simple, then φ is either an homomorphism or an anti-homomorphism [14, Theorem 3.1].
It follows that N(φ) is a closed ideal of B(H). Observe that N(φ) cannot be zero, otherwise B(H) would be isomorphic to
C(H) which contradicts the simplicity of C(H). Moreover, N(φ) cannot be B(H). Thus N(φ) =K(H), which completes the
proof. 
We will use the following simple fact.
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element a ∈A, φ(a) is either left invertible or right invertible. Then φ is spectrally bounded.
Proof. Let a ∈ A and λ ∈ ∂σ (φ(a)). Suppose that a−λ is invertible. Since φ is unital, then φ(a)−λ is left or right invertible
in B. Now [4, Theorem 3.2.12] yields a contradiction. Thus r(φ(a)) r(a). 
We are now in a position to prove our ﬁrst main result.
Theorem 2.6. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a surjective linear map preserving
generalized invertibility. Suppose there exists a semi-Fredholm operator U ∈ B(H) such that φ(U ) is a Fredholm operator. Then
φ(F(H)) ⊂ F(H),φ(K(H)) ⊂ K(H) and the induced mapping ϕ : C(H) → C(H) is of the form ϕ(x) = aψ(x) for all x ∈ C(H),
where a ∈ C(H) is an invertible element and ψ : C(H) → C(H) is a Jordan homomorphism.
Proof. Suppose ﬁrst that U is left invertible and consider the operator φ′ : T 	→ φ(TU ) for T ∈ B(H). It is easy to check
that φ′ is linear and surjective. If T is a Fredholm operator, then TU is semi-Fredholm and Lemma 2.2 yields that φ′(T )
is semi-Fredholm. Now consider the map ψ : B(H) → C(H) deﬁned by ψ(T ) = (πφ(U ))−1π(φ′(T )) for every T ∈ B(H).
Clearly, ψ is a surjective unital linear map. Let T ∈ B(H) be an invertible operator. Then TU is left invertible and hence
π ◦ φ(TU ) is either left invertible or right invertible. Thus ψ(T ) is either left invertible or right invertible. By Lemma 2.5
ψ is spectrally bounded. Using the fact that B(H) is properly inﬁnite if H is inﬁnite dimensional and Theorem 1.1 we
infer that ψ is a Jordan homomorphism. Moreover, the algebra C(H) is prime, consequently ψ is a homomorphism or
an anti-homomorphism [14, Theorem 3.1]. Next let us show that φ(I) is a Fredholm operator. Suppose, for example, that
ψ is a homomorphism and choose E ∈ B(H) such that EU = I . Then ψ(U E) = (πφ(U ))−1π(φ(U EU )) = I = ψ(U )ψ(E) =
ψ(U )(πφ(U ))−1π(φ(I)). This implies that π(φ(I)) is left invertible. On the other hand, we have ψ(EU ) = ψ(I) = I =
ψ(E)ψ(U ) = (πφ(U ))−1π(φ(I))ψ(U ). Therefore π(φ(I))ψ(U ) = (πφ(U )), consequently π(φ(I)) is right invertible. We have
thereby shown that φ(I) is a Fredholm operator. Replacing U by I we conclude that the map ψ : B(H) → C(H) deﬁned by
ψ(T ) = (πφ(I))−1π(φ(T )) for every T ∈ B(H) is a Jordan homomorphism. Now it follows from Lemma 2.3 that φ(K(H)) ⊂
K(H). Since φ preserves the generalized invertibility, φ(F(H)) ⊂F(H).
Suppose now that U is not injective and that α(U ) < β(U ). Then we can ﬁnd a ﬁnite rank operator F which maps N(U )
into R(U )⊥ and satisﬁes N(F ) ∩ N(U ) = {0} and F x = 0 for every x ∈ N(U )⊥ . Obviously, for every nonzero λ ∈C, U + λF is
injective. Choose |λ| suﬃciently small such that φ(U )+λφ(F ) is Fredholm as well. As above, we get the desired conclusion.
It remains to consider the cases when U is right invertible or β(U ) < α(U ). The proof is similar, so we omit it. 
Corollary 2.7. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a unital surjective linear map preserving
generalized invertibility. Then φ(F(H)) ⊂ F(H), φ(K(H)) ⊂ K(H) and the induced map ϕ : C(H) → C(H) is a Jordan homomor-
phism.
In the case of separable Hilbert spaces, we have the following characterization.
Theorem 2.8. Let H be a separable inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a surjective linear map pre-
serving generalized invertibility. Then φ(F(H)) ⊂ F(H), φ(K(H)) = K(H) and the induced mapping ϕ : C(H) → C(H) is of the
form ϕ(x) = aψ(x) for all x ∈ C(H), where a ∈ C(H) is an invertible element and ψ : C(H) → C(H) is an automorphism or anti-
automorphism.
Proof. Let U ∈ B(H) such that φ(U ) = I . Suppose ﬁrst that U is semi-Fredholm. Then Theorem 2.6 implies that
φ(I) is a Fredholm operator, φ(F(H)) ⊂ F(H), φ(K(H)) ⊂ K(H) and the map ρ : C(H) → C(H) deﬁned by ρ(T ) =
(πφ(I))−1π(φ(T )) is a surjective Jordan homomorphism. It is known that N(ρ) is a closed ideal. Since C(H) is a sim-
ple Banach algebra [8], we infer that ρ is injective. Now the desired conclusion follows from [14, Theorem 3.1].
Assume now that U is not semi-Fredholm. Then by [10], there exist two quasi-nilpotent operators R1, R2 such that
U = R1R2. If λ,β are suﬃciently small positive numbers, the operator S = U + λR1 + βR2 + λβ I = (R1 + β I)(R2 + λI) is
invertible and φ(S) is Fredholm. So, just as in the ﬁrst case, Theorem 2.6 implies that φ(I) is a Fredholm operator and
the map ϕ : C(H) → C(H) deﬁned by ϕ(π(T )) = (πφ(I))−1π(φ(T )) is a Jordan isomorphism. Therefore, U is a Fredholm
operator. This contradiction completes the proof. 
It is to be expected that the same result holds for non-separable Hilbert spaces, but we have not been able to prove it.
Nevertheless, we mention the following consequence of our results.
Theorem 2.9. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a surjective linear map. Suppose that
φ preserves the generalized invertibility in both directions. Then φ(F(H)) = F(H), φ(K(H)) = K(H) and the induced mapping
ϕ : C(H) → C(H) is of the form ϕ(x) = aψ(x) for all x ∈ C(H), where a ∈ C(H) is an invertible element and ψ : C(H) → C(H) is an
automorphism or anti-automorphism.
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ery T ∈ B(H), the operator φ(T ) is semi-Fredholm if and only if T is semi-Fredholm. As a result, φ(K(H)) = K(H)
[22, Lemma 2.3]. Let U ∈ B(H) such that φ(U ) = I . Then U is a semi-Fredholm operator. By Theorem 2.6, the induced
mapping ϕ : C(H) → C(H) is of the form ϕ(x) = aψ(x) for all x ∈ C(H), where a ∈ C(H) is an invertible element and
ψ : C(H) → C(H) is a Jordan homomorphism. Now the desired conclusion follows from [22, § 4]. 
The same arguments give an analogous result for linear maps preserving Fredholm operators.
Theorem 2.10. Let H be an inﬁnite-dimensional complex Hilbert space and φ : B(H) → B(H) a surjective linear map. Suppose that
φ preserves Fredholm operators. Then φ(K(H)) ⊂K(H) and the induced mapping ϕ : C(H) → C(H) is of the form ϕ(x) = aψ(x) for
all x ∈ C(H), where a ∈ C(H) is an invertible element and ψ : C(H) → C(H) is a Jordan homomorphism.
Let us also deduce the following characterization of linear maps preserving semi-Fredholm operators.
Theorem2.11. Let H be a complex inﬁnite-dimensional separable Hilbert space and φ : B(H) → B(H) a surjective linearmap. Suppose
that φ preserves semi-Fredholm operators. Then φ(K(H)) ⊂K(H) and the induced mapping ϕ : C(H) → C(H) is of the form ϕ(x) =
aψ(x) for all x ∈ C(H), where a ∈ C(H) is an invertible element and ψ : C(H) → C(H) is an automorphism or an anti-automorphism.
Several remarks have to be pointed out.
Remark 2.12. For simplicity we considered only surjective maps. However, as noted in [22], most of our results concerning
surjective linear maps preserving generalized invertibility remain true also for linear maps surjective up to ﬁnite rank
operators. Moreover, as in [20], the assumption “surjective” in Theorems 2.10 and 2.11 may be replaced by “surjective up to
compact operators.”
Remark 2.13. Similarly, one can get characterizations of linear maps preserving upper (respectively, lower) semi-Fredholm
operators. Moreover, one can prove a generalization of Theorem 1.3 in [22] for linear maps preserving semi-Fredholm oper-
ators in one direction only.
Let H be a complex inﬁnite-dimensional separable Hilbert space. Let LA and RA stand for the left and right multiplication
operators on B(H) deﬁned through LA(T ) = AT and RA(T ) = T A for every T ∈ B(H). Let δ : B(H) → B(H) be deﬁned by
δ(T ) = T t , where T t denotes the transpose of T with respect to some arbitrary, but ﬁxed orthonormal basis in H . In [22],
Mbekhta and Šemrl observed that for ﬁxed Fredholm operators A, B ∈ B(H) and arbitrary linear map ϕ : B(H) → K(H),
both linear maps LA RB + ϕ , and LA RB δ + ϕ preserve semi-Fredholm operators in both directions. They asked whether a
surjective linear map on B(H) preserving semi-Fredholm (respectively upper semi-Fredholm) operators in both directions
has one of the above two forms (see [22, 5.3 and 5.4]). Building on results in [11] and [23], we show that the answer is
independent of ZFC (Zermelo–Fraenkel set theory, including the axiom of Choice).
The well-known Continuum Hypothesis (CH) states that the set of real numbers has minimum possible cardinality
ℵ1 = 2ℵ0 . It is known that CH is independent of ZFC. In particular, note that CH is an extra-set axiom that has been re-
peatedly used by C∗-algebraist’s (see the survey paper by Weaver [27]). Let H be a separable inﬁnite-dimensional complex
Hilbert space. In [23], using CH, the authors proved the existence of outer automorphisms on C(H). Next we apply their
result to show that using CH, the answer to Question 5.3 (respectively, 5.4) [22] is negative. Our study also provides an
answer to Question 2.5 of [20].
Example 2.14. Let H be a separable inﬁnite-dimensional complex Hilbert space. Assume CH and let ψ : C(H) → C(H) be
a ﬁxed outer automorphism [23]. Let {Ti}i be a linearly independent set of B(H) such that {Ti +K(H)}i is a Hamel basis
of C(H). For each i, pick T ′i ∈ B(H) such that ψ(Ti + K(H)) = T ′i + K(H). Let φ be the linear map satisfying φ(T ) = T
for every T ∈ K(H) and φ(Ti) = T ′i . We check easily that φ is bijective and preserves the set of Fredholm (respectively,
semi-Fredholm) operators in both directions. Indeed, observe that φ preserves upper (respectively lower) semi-Fredholm
operators. Now certainly, φ cannot be written as φ = LA RB + ϕ , where ϕ : B(H) →K(H) is a linear map.
The Open Colouring Axiom (OCA), introduced by Todorcˇevic´ in [26], states that if X is a separable metric space and
[X]2 = K0 ∪ K1 is a partition such that K0 is open in the product topology of [X]2 (where [X]2 = {(x, y): x ∈ X, y ∈ X,
x = y}), then either X has an uncountable K0-homogeneous subset Y or X is the union of countably many K1-homogeneous
subsets (recall that a set U ⊂ X is said to be K -homogeneous if [U ]2 ⊂ K , where K ⊂ [X]2). Recently, assuming OCA, Farah
proved that all automorphisms of the Calkin algebra are inner [11]. As a consequence, we have the following result.
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φ : B(H) → B(H) a surjective linear map. If φ preserves semi-Fredholm operators, then there exist Fredholm operators A, B ∈ B(H)
and a linear map ϕ : B(H) →K(H) such that either
φ(T ) = AT B + ϕ(T ), T ∈ B(H),
or
φ(T ) = AT t B + ϕ(T ), T ∈ B(H).
Remark 2.16. The above theorem remains true if we assume that φ preserves Fredholm operators.
3. On the Banach space setting
We will conclude our paper by some brief remarks concerning the case of Banach spaces. Let X be a complex Banach
space and B(X) be the Banach algebra of bounded linear operators on X . Let F(X),K(X) be the ideal of all ﬁnite rank
operators, and the ideal of all compact operators, respectively. Let π : B(X) → C(X) be the quotient map, where C(X)
denotes the Calkin algebra. An operator T is called an Atkinson operator if π(T ) has a left inverse or a right inverse in
C(X). Let φ : B(X) → B(X) be a surjective unital linear map preserving generalized invertibility in both directions, then
it follows from [13, 7.3.2.6] or [18, 6.3] that φ(F(X)) ⊂ F(X). Moreover, as noted by Mbekhta, one can proceed as in
[22, Lemma 2.2] to prove that φ(A(X)) =A(X), where A(X) denotes the set of Atkinson operators. Indeed, we have the
following lemma, communicated by Mbekhta.
Lemma 3.1 (Mbekhta). Let X be a Banach space and T ∈ B(X). Then the following are equivalent:
(a) T ∈A(X).
(b) For every B ∈ B(X) there exists δ > 0 such that T + λB has a generalized inverse for every scalar λ with |λ| < δ.
Now it is easy to check that φ preserves Atkinson operators in both directions. Denote by In(X) the ideal of all
inessential operators. Recall that an operator T ∈ B(X) is said to be inessential if I − ST is a Fredholm operator for
each S ∈ B(X) [1]. Then π(In(X)) equals the radical of C(X) [9, Theorem 5.5.9]. Denote by C′(X) the quotient algebra
B(X)/In(X). Recall that C′(X) is a semisimple Banach algebra. A close inspection of the above lemma and [22, Lemma 2.3]
reveals that an operator T ∈ B(X) is inessential if and only if T + A is Atkinson for every Atkinson operator A. Thus,
φ(In(X)) ⊂ In(X). Moreover, we check easily using Lemmas 3.1 and 2.5 that the induced map ϕ : C′(X) → C′(X) is a
spectral isometry (r(ϕ(x)) = r(x) for every x ∈ C′(X)).
We next give an example to show that the ideal K(X) of all compact operators is not invariant under φ.
Firstly we recall the following deﬁnitions. Let X be a Banach space. We say that X is hereditarily indecomposable (HI) if
for any pair of inﬁnite-dimensional closed subspaces Y , Z of X with Y ∩ Z = {0}, Y + Z is not a closed subspace. The ﬁrst
known example of an HI space was constructed by W. Gowers and B. Maurey in 1993, [12]. Recall that an operator T ∈ B(X)
is said to be strictly singular if no restriction of T to an inﬁnite-dimensional subspace is an isomorphism. We write S(X) for
the set of strictly singular operators. The set S(X) is a closed ideal of B(X) [9]. Moreover, we have the following inclusions
F(X) ⊂K(X) ⊂ S(X) ⊂ In(X).
As shown in [12], every bounded linear operator from a complex HI space X to itself is of the form λI + S , where S is a
strictly singular operator. Denote by GM the HI space of Gowers and Maurey. In [2], G. Androulakis and T. Schlumprecht
proved that there exists a strictly singular non-compact operator T : GM → GM.
Proposition 3.2. Let X be a complex Banach space. Suppose that B(X) = CI ⊕ In(X) and In(X) contains a non-compact operator.
Then there exists a unital linear bijective map φ : B(X) → B(X) preserving generalized invertibility in both directions and such that
φ(K(X)) contains a non-compact operator.
Proof. Let us ﬁrst show that a non-Fredholm operator has a generalized inverse if and only if it has ﬁnite rank. Indeed,
pick T ∈ B(X) such that T has a generalized inverse and T /∈F(X). Then there exists S ∈ B(X) such that T ST = T . Suppose
for a moment that T ∈ In(X). This implies that T S is a nonzero idempotent of In(X). Applying [4, p. 107], we infer that
T S ∈F(X). Consequently, T ∈F(X) contradicting our assumption. Thus T /∈ In(X). As a result, T is a Fredholm operator.
Next we turn to the construction of the desired map. We start by picking arbitrary operators K ∈K(X) \F(X) and S ∈
In(X)\K(X). Let Z be a subspace of B(X) such that In(X) =F(X)⊕CS+CK ⊕Z . Deﬁne the linear map Φ :B(X) → B(X)
by Φ(K ) = S,Φ(S) = K and Φ(T ) = T for every T ∈ CI + F(X) + Z . Observe that Φ is unital, bijective and Φ(F(X)) =
F(X). Since the Fredholm operators are of the form λI + S , where S ∈ In(X) and λ is a nonzero scalar, we see that
φ preserves the set of Fredholm operators in both directions. Consequently, Φ preserves generalized invertibility in both
directions. This completes the proof. 
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a ﬁnite rank operator or is of the form E = I + F where F ∈ F(X). Moreover, in the above construction of φ we have
φ(E) = E for every projection E ∈ B(X).
We can then certainly apply the above proposition to GM.
Corollary 3.4. There exists a unital linear bijective map φ : B(GM) → B(GM) preserving generalized invertibility in both directions
and φ(K(X)) contains a non-compact operator.
An immediate question is the following:
Question 3.5. Let X be an inﬁnite-dimensional complex Banach space and let φ : B(X) → B(X) be a unital bijective continuous linear
map preserving generalized invertibility in both directions. Is the idealK(X) invariant under φ?
Now, building on the above remarks, we slightly modify Question 5.1 of [22].
Question 3.6. Let X be an inﬁnite-dimensional complex Banach space and let φ : B(X) → B(X) be a surjective linear map preserving
generalized invertibility in both directions, then φ(In(X)) ⊂ In(X). Let ϕ : C′(X) → C′(X) be the induced map. Must it be a Jordan
homomorphism?
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